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Altitude of initial orbit, ro - r@
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r
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W
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SUMMARY

A comprehensive procedure is described, and reference data presented, by

which the effect of certain design parameters upon the basic performance of orbit-

launched nuclear vehicles can be readily determined for escape and planetary missions.

The performance parameters investigated are payload ratio, propellant ratio, charac-

teristic velocity requirement, burning time, injection altitude, central angle and flight

path angle. The effects of initial thrust-to-weight ratio, initial altitude, specific im-

pulse, specific weight factors and hyperbolic excess velocity are considered. The

range of specific impulse assumed is restricted to that considered practical for nuclear

heat exchanger propulsion systems.

Use of this procedure and the data presented allows a quick determination of

nuclear propulsion requirements for specific mission profiles from the standpoint of

maximizing either payload or payload ratio. It is shown that, in general, maximum

payload and maximum payload ratio are not coincident when thrust is fixed and initial

weight is variable. It is further shown that, for certain hyperbolic excess velocities,

there is an optimum initial weight in orbit when operating with a fixed engine system

within the range of thrust-to-weight ratios considered practical for nuclear heat ex-

changer systems.

Numerical examples are included which illustrate the methodology and indicate

the degree of accuracy that can be expected of the estimation procedure. The results

of the numerical examples are compared with exact computer solutions and shown to be

well within the accuracy usually required in preliminary design studies.



INTRODUC_ON

With increasing interest in the consideration of interplanetary travel via nuclear
rocket space systems, it becomesimportant to have available a rapid unsophisticated
andpractical method for relating nuclear vehicle design andperformance parameters
to trajectory characteristics once preliminary mission profiles andconceptual vehicles
are established. A comprehensive procedure of this nature can provide a useful tool
for conductingfeasibility studies of contemplated missions. The methodologyused
must have an inherent accuracy sufficient for preliminary design studies.

The purpose of this report is to present reference data and a procedure by
which the effect of certain design parameters uponthe basic performance of orbit-
launchednuclear vehicles can be determined. Beyondsimple spaceprobes, inter-
planetary missions will require large initial gross weights in orbit. Conventional
chemical vehicles are inefficient for such missions and hencethe range of specific
impulse assumedin this report is restricted to the range considered practical for the
more efficient nuclear heat-exchangerpropulsion systems, namely 700 to i000 sec.
While the reference datapresented is restricted to nuclear rocket systems, the gen-
eral method of performance estimation can be applied with equivalent success to any
orbit-launched system.

The approach used, in establishing a flexible method of mission evaluation, is
basedon the analysis described in Reference i. However, Reference I is limited to
typical lunar and escapemissions and is concernedprimarily with the influence of
structural weight parameters on the optimum thrust-to-weight ratio of orl_it-launched
vehicles. It is pointed out in Reference I that a discussion of payload performance is
possible only when representative vehicle structural and engineweight parameters are
introduced. This report extends the analysis of Reference I to include interplanetary
missions requiring hyperbolic excessvelocities.

The hyperbolic excess velocity, V , a convenient parameter for describing the
energy requirements necessary for interplanetary missions, is the residual velocity
of the vehicle with respect to Earth, whenthe vehicle-earth distance is very large
(Ref. 2). Furthermore, if the resulting heliocentric orbital eccentricity is near unity,
the hyperbolic excess velocity can also be thought of as the difference between the
orbital velocity of the Earth and the perihelion velocity or aphelionvelocity of the
transfer ellipse to the target planet, dependinguponwhether the targer planet moves
outside or inside respectively, of the earth's orbit (Ref. 3). Hyperbolic excessvelocity
is commonly quoted as a fraction, re, of the earth's mean orbital velocity, a procedure
which is adoptedin this report. The values of fe considered range from zero, corre-
spondingto parabolic escapevelocity, to 0.5, representing an extremely high energy
requirement. This range of hyperbolic excess velocity covers the practical spectrum
characteristic of the earth injection phaseof missions of Mars and Venus (Ref. 4 and
5).



For escapemissions it is shownin Reference 1 that for a given orbit-launched

vehicle system, the tangential thrust vector orientation mode is superior to the cir-
cumferential control mode. Reference 6 further shows that the tangential mode is

near optimum for missions requiring hyperbolic excess velocities. Consequently only

tangential thrust is considered in this report, with thrust assumed to be of constant

magnitude. A single stage is assumed from earth orbit to final injection. Initial

thrust-to-weight ratio, F/W o, is varied between 0.04 and 0. 5, with both limits being

selected arbitrarily. The lower limit may not be practical for early generation nuclear

systems due to burning time restrictions. Initial orbit altitudes are assumed to lie
between 100N. M. (185.3km) and 400N. M. (741.2km).

The various vehicle and performance parameters considered include payload

ratio, propellant ratio, velocity requirement, burning time, injection altitude, central

angle and flight path angle. Reference curves are presented for each of these param-

eters over the range of hyperbolic excess velocities assumed, along with correction

curves to allow for variations in specific impulse and initial orbit altitude. Further-

more, it is shown that variations in vehicle structural and engine weights can be

accounted for with a single algebraic equation,

Calculations were made by numerical integration on the IBM 7090 digital com-

puter. The equations of motion are related to a spherical Earth. The analysis is

limited to planar trajectories with all aerodynamic and pertubative forces being neg-
lected.

Several numerical examples are included which illustrate typical performance

estimations. The accuracy obtained is shown to be well within the limits required of

preliminary design studies.

ANALYSIS

The method of calculation of the parametric data presented in this report is

based primarily on the analysis described in Reference 1. However, since Reference l

is limited to a consideration of lunar and escape trajectories, it is necessary in the

present analysis to express the injection velocity in terms of the hyperbolic excess

velocity. Since the thrust is assumed to be purely tangential, no attitude restriction

can be placed on the resulting trajectory. Hence, the attainment of the desired velocity

is assumed to be sufficient for proper injection.



Referring to Reference I and the sketch presented below, the general equations
ration of a vehicle leaving orbit are:

cd (9

F

k of Earth

V

= F cos fi g cos
m

¢-F sin_ +(v_ - V)sin0my r

For the ass.umption of tangential thrust (fl = 0 °) , these equations reduce to

• F
v = -- - g cos 8

m

-
(1)

(2)

4



Numerical integration of the equations of motion determines velocity and flight

path angle. Thus,

v= f at (3)
0-- f (4)

Range and altitude are then calculated by the respective relations

r @ (5)
x = f -- v sin 0 dt

r

(6)fh = h o + v cos 0 dt

The central angle is found from

(7)

since,

It should be noted that the initial thrust-to-weight ratio is hidden in equation 1

m - gn

As pointed out in Reference 1, the weight characteristics of the vehicle must be

defined before an evaluation of payload performance can be made. The effective net

structural weight of a vehicle stage, W n, is assumed to be composed of three weight

groups proportional to the thrust, propellant loading and initial weight of the stage,

respectively. The first weight group is composed of the engine, propulsion system

hardware, and any structural members which may be assumed proportional to thrust. _

The second group consists of propellant tankage and any propellant residuals which may

be assumed proportional to the propellant loading. The third weight group, which is

assumed to be proportional to the initial weight of the vehicle, is composed of astrionic

gear, interstage structure and various miscellaneous equipment. Each of these weight

groups can be represented by a nondimensional specific weight factor as follows:

*Items listed here are intended to be typical of nuclear systems; user should employ

his own discretion in assigning component weight proportionality.



Wt proportional to FA
F

Wt of engine, propulsion hardware, etc.
F

B = Wt proportional to W_ _- Wt of tankage, propellant residuals, etc.
W8 W8

C = Wt proportional to W o =

W o

Wt of astrionic gear, interstage structure, etc.

W
o

The effective net structural weight of a vehicle stage can then be expressed as

W n = AF + BW s + CW o (8)

The relation between payload, propellant loading and effective net structural

weight is

Wg d = W - W 8 - WO n

or

Wg d=wo- AF- (B+ 1) W 8- CWo (9)

where Wg d is the gross payload.

Equation 9 can be expressed in terms of nondimensional ratios by dividing both

sides by W o with the result,

X = 1 - A(F/Wo) - (B + l) _ - C (t0)

where

%

_ w__
wo

The specific weight parameter can be assumed equal to zero without affecting the

general shape of the payload ratio curve or the location of the optimum thrust-to-weight

ratio corresponding to maximum payload ratio (Ref. 1). Hence equation 10 can be
written

k = - C (11)(X)c = o



All reference curves shown in this report for payload ratio are for C equals

zero, so that equation 11 must be applied in any practical application of these curves.

For constant thrust and specific impulse, the propellant ratio is given by

t__2<
t = (_o)Isp

(12)

Once _ is determined, the characteristic velocity can be found from the well-
known relation

1

AVid = gn Isp in I---'_- _ (13)

For missions requiring hyperbolic excess velocity, the injection velocity, Vp,
is related to escape velocity, V e, by the relation

±

vp =(vo'+ v2) 2 (14)

where V_ is the hyperbolic excess velocity. As mentioned earlier, the hyperbolic ex-

cess velocity is commonly expressed as a fraction, fe, of the earth's mean orbital

velocity, V@. Hence,

v_
f = t

° % (15)

and equation 14 can be written

1

vp : [ vez+ (% ve )zl_

The injection velocity corresponding to a specified hyperbolic excess requirement is a

function of altitude since Ve, the local escape velocity, is inversely proportional to
altitude.

If reference values are assumed for specific impulse, initial orbit altitude, and

specific weight parameters, the various performance parameters can be calculated,

varying initial thrust-to-weight and hyperbolic excess velocity over the respective

range of values considered. The reference values assumed are arbitrary but should

be reasonable and typical sinc.e the reference data forms the basis of further perform-

ance estimations. The reference conditions assumed in this report are:



{Isp)ref = 800 sec

(ho}re f = 300 N.M.

Are f = Bre f = 0. l

C ref = 0

Reference curves are shown in Figure 1 through 7 for the various performance

parameters. It is obvious that the accuracy of a graphical method of performance

estimation is dependent upon the accuracy to which the graphs can be read. For pre-

liminary design purposes, payload and characteristic velocity are perhaps the most

important of all the performance parameters. Consequently, the curves of payload

ratio and characteristic velocity shown in Figure 1 and 2, respectively, are plotted

on a highly expanded scale.

Once reference data are delineated for the individual performance parameters,

consideration must be given to variations in vehicle specific weights, specific impulse

and initial orbit altitude. The effects of such variations and the means of estimating

each of the performance parameters will now be discussed.

Payload Ratio

Of all the performance parameters considered, only X is affected by changes in

A and B. For reference conditions, equation l0 can be written

kre f = 1 - Are f (F/Wo) - (Bre f + I) _ref (i7)

where both Xre f and _ref are functions of F/W o and V_o, as illustrated in Figure i and

3, respectively. Arbitrary values of A and B can be expressed in the form,

A=A +AN
ref

=0.1+AA

(18)

B=B +AB
ref

= O. 1 +-AB
(19)

8



Hence, for arbitrary values of A and B, equation 17becomes

(kref)A,B = 1 - A (F/Wo) - (B + 1) _ref

where the terminolog_y is adopted that subscripts outside parentheses, or brackets,

enclosing one of the performance parameters indicate variable conditions. Hence

(_ref)A, B denotes _ at reference conditions with the exception of A and B which are

variable. It follows that the change in payload ratio from reference conditions due to

a change in A and B is,

AkA, B = (kref) A, B kre f =:- [AA(F/W o) + AB(%ef)] (20)

as

Changes in k due to variations in I
sp

for a given value of f can be expressed
' e'

(AN)I = (kref) I - kre f (21)

Calculations were made varying Isp in increments of 25 see over the range considered.
The changes in payload ratio were computed using equation 21 and are shown in Figure

8. While the curves are irregular and intersecting, linear interpolation for both fe

Isp is sufficiently accurate.

The values of AXI are independent of the vehicle specific weight parameters
assumed, but are remotely dependent upon initial altitude. However, it was found that

within the altitude range considered, this dependency of AX I can be neglected. In other
words, equation 21 can be expressed as

Ak I = (kref)l,h o - (kref)ho

and yield approximately the same results as shown in Figure 8.

Changes in the initial orbit altitude, other reference conditions remaining con-

stant, must also be accounted for in estimating payload ratio. It was fortuitously

discovered that the change in payload for an incremental change in altitude is approxi-

mately the same over the range of altitudes considered, regardless of the value of the

specific impulse. Consequently, altitude and specific impulse corrections to the

reference payload ratio can be made independently. The same applies to the other

performance parameters.



It was found convenient in this report to basealtitude correction on a 100-N.M.
incremental decrease in altitude. The changein reference payload ratio for an incre-
mental decrease of 100N.M. is shownin Figure 9. Again linear interpolation for fe
is sufficient, since altitude corrections are generally small. For arbitrary initial
altitude, ho, the change in payload is given by

(ho)re f - h_ O

A - (A)"h) 100kho 1O0 o

300 - h
o

100 (&kho)lO0

(22)

where (AXho) 100

in nautical miles.

is the correction shown in Figure 9, and (ho)re f and h o are measured

Combining the corrections represented by equations 20, 21 and 22, the payload

ratio for any assumed set of conditions can be found from

(k)A, B, I,h o = kref + &kA, B + Ak I + Akho

Furthermore, for non-zero values of C, this becomes

(k)A, B, C, I, h ° = kref + (Ak)A,B + AkI + Akh o - C (23)

Using this relation, the payload ratio for a particular vehicle with a given mission can

be computed. Repeating the procedure for various values of F/W o, curves such as

those shown in Figure 1 may be constructed, and the F/W o for maximum payload ratio
determined. More will be said later concerning the payload ratio curves. Several

numerical examples are included in the Appendix, illustrating the performance esti-

mation procedures.

Characteristic Velocity

The characteristic velocity, AVid, representing a combination of the inertial

velocity requirement and gravity losses, is computed in a manner similar to that de-

scribed for estimating payload ratio. Reference characteristic velocity curves are

shown in Figure 2. The change in reference characteristic velocity for nonreference

specific impulses, A(AVid) I, is shown in Figure 10. Because of the small variation of

10



AVid with I s , curves are shownonly for 700, 900and 1000see.
were computedfrom the relation

A(AVid) I = [(AVid)ref] I - (AVid)re f

These corrections

(24)

which is analagous to equation 21.

The change in reference characteristic velocity for an incremental altitude

decrease of 100 N.M. is shown in Figure ll. Analagous to equation 22, the change

in AVid for arbitrary initial altitudes is given by

(ho)re f - h°

(AVid)ho = 100 [A(AVid)ho] I00

300 - h
o

I00 [A(AVid)h ] 100
o

(25)

with [A (AVid) ho ] 100 determined from Figure 1 i.

The characteristic velocity for arbitrary values of Isp and h o is then given by

(AVid)i, ho = (AVid)re f + A(AVid) I + A(AVid)ho (26)

Propellant Ratio

The propellant ratio, _, can be estimated in a manner similar to that described

for payload ratio and characteristic velocity. However, once AVid is determined for
the desired conditions, it is easier and faster to calculat_ _ using equation 13. Hence,

1

(AVid)I,h o = gn I in
sp I (_)I,ho

or

[-(AVid)I,h

(_)i,h ° = l -exp, --__ o
gn Isp

(27)

ti



While the reference curves for _ shownin Figure 3 are not usedhere, the
curves are neededto determine _ref for equation 20.

Burning Time

Following the calculation of _, burning time to injectionis readily determined

from equation 12 in the form

Isp(_)I,h
o

(tb)I, h = (F/Wo)
o

(28)

Burning time curves for reference conditions are not used in the estimation

procedure but are shown in Figure 4, for the purpose of illustrating the typical vari-

ation with F/W o and fe"

Flight Path Angle and Central Angle

The procedure for estimating the flight path angle, 0, and the central angle, $,

is identical to the procedure outlined for calculating AVid and they are discussed to-

gether. Thus analagous to equations 24 and 25, the change of 0 and _ with Isp is given
by

(A0) I = (Oref} I - 0re f
(29)

and

(A_)I = (qref)l - _ref (30)

These corrections are shown in Figure 12 and 14, respectively.

The change of 0 and ¢ for arbitrary h o is determined from the relations

300 - h
o

(A0)h - 100 (Z_0h)100 (31;
o o

300 - h
o

{Ad/)ho - I00 (A_ho) I00 (32)

12



where (A0ho)i00 and (ACh o) i00' the corrections for a 100-N. M. decrease in initial

altitude, are given in Figure 13 and 15 respectively. Equations 31 and 32 are analagous

to equation 25 and follow a similar development. It should be noted that the sign of

(A0ho)100 in Figure 13 can be positive or negative. Care should be exercised to insure

that the proper sign, corresponding to the appropriate value of F/W o, is used in equa-
tion 31.

It follows that, for arbitrary conditions

(0)I,h : _ref + (A_)I + (A0)h (33)
o o

and

(q_)I,h = _ref + (A_b)I + (A_)h (34)
o o

Altitude at Injection

The exact altitude at injection is usually of little interest in preliminary studies.

Consequently, in this report, the injection altitude is approximated by

or

(hb)I,h = (hb)ref + [ho - (ho)ref] (35)
o

(hb)I,h = (hb)ref + (h - 300)o (36)
o

As will be seen later in the numerical examples, the per cent error involved in

estimating h b with equation 36 is much larger than the error associated with the other

performance parameters. If more exacting accuracy is desired, the procedure of

computing changes due to variations in h o and Isp used for ¢, 0 and AVid can be applied

ASSUMPTIONS

The basic assumptions made in the analysis are summarized as follows:

1. Acceleration of a single stage out of a circular earth orbit, with constant

tangentialj_hrust, to the required hyperbolic exeess speed

13



2. Range of independent performance parameters:

Isp = 700 - 1000 sec

f =O-O. 5
e

h o= 100- 400 N.M. {185.3- 741.2km)

F/W = 0.04- 0.50
o

3. Reference conditions:

,

I = 800 sec
sp

h o= 300N. M. (555.0km)

A=B=0.10

C=0

Mean spherical earth model with

#@ 62,698 N. M. 3 km____3)= sec2 (398, 6t3 sec2

r@=3438.3 N.M. (6371.1 km)

V@ = 29,770 m/sec

DISCUSSION OF RESULTS

Several numerical examples are included in the Appendix to illustrate the per-

formance estimation procedure and its associated accuracy. Complete details of the

estimation procedure are given for two of the examples, while only results are shown

for the others. One example is included with a parameter (initial orbital altitude) out-

side the range assumed earlier as a means of determining the accuracy with which the

parametric data can be extrapolated.

The assumed vehicle characteristics and hyperbolic excess requirements of the

numerical examples are listed in Table t. Conditions were deliberately chosen such

that interpolaUon on the various graphs was necessary in most cases. Hence, the re-

sults should be indicative of the maximum errors which can be expected in practical

14



applications of the estimation procedure. A comparison of the various performance
parameters is shownin Table 2. Maximum and average errors obtained in the exam-
ples are also presented in this table. The examples are not numerousenough, by any
means, to represent a statistical sampling; hencethe errors shownshould not be con-
strued as being the most probable.

Somediscussion is in order concerning payload ratio since this parameter is
frequently misinterpreted. Curves of payload ratio, such as those shownin Figure 1
can be used in several ways. If a particular vehicle system andmission profile are

h andf are specified, payload ratio can beassumedso that values of A, B, C, Isp, O e

calculated over a range of f/W o. Consider for example the conditions assumed in

Example 1 of the Appendix. Payload ratio as a function of F/W o for this case is shown

in Figure 16. Maximum payload ratio is seen to occur at an F/W o of approximately
0.25.

It must be emphasized, however, that maximum payload ratio and maximum

payload do not necessarily occur at the same F/W o. To illustrate this point, it is

necessary to examine three possible cases concerning the values of F and W o. These
are as follows:

1. Both F and W fixed
O

2. W o fixed but F variable

3. F fixed but W o variable.

K both F and W o are fixed, as in the first case, a particular value F/W o, and
hence k, is specified. Referring to Figure t6 again, suppose that F = 50,000 pounds

and W o = 200,000 pounds so that F/W o = 0.25 corresponding to k = 0. 2500, the opti-
mum value. The payload can then be determined from the relation

W =kW
gd o

Thus,

W = (0.2500) (200,000) = 50,0001b
gd

Consider now the second case, where W o is fixed but F is variable. Each value

of F/W ° in Figure 16 now corresponds to a different value of F. It is readily apparent,
however, that no other value of F will yield a higher payload than the value assumed in

Case 1 above. For example, assume F = 20,000 pounds; then F/W o = 0.10 and k is
seen to be equal to 0.21.42 and thus,

Wg d= (0.2142) (200,000) = 42,8401b

15



which is indeed a decrease in payload. If other values of F are assumedandthe re-
sulting payloads are determined in a similar manner, a plot of payload versus F/W o
wouldhave the same shapeas the X curve. Thus, in the secondcase, no matter what
fixed value of Wo is assumed, maximum payload and maximum payload ratio occur at
the same F/W o.

Consider, however, the third case where F is fixed and Wo is variable. This
case is analagousto the mating of a given engine system to various initial weights in
orbit, eachvalue of F/W o representing a different Wo. Thus for F fixed at 50,000
pounds, assume that Wo is 500,000poundsso that F/Wo and k are the sameas in Case
2 above. The payload now, however, is

Wgd= (0.2142) (500,000) =107, i001b

or more than twice the value obtained with the same engine in Case 1 above at maximum

payload ratio. If other values of W o, and hence F/W o, are assumed the payload curve

is as shown in Figure 16, This curve is seen to be entirely different from the payload

ratio curve in shape. Furthermore, it appears from Figure 16 that the payload in-

creases continuously as F/W o becomes small. In other words, as the initial weight in

orbit increases as indicated by the tick-marks on the payload curve, the payload in-

creases accordingly. It should be remembered however that the low values of F/W o

correspond to extremely long burning times.

Suppose now, however, that a higher hyperbolic excess speed is required of the

engine system assumed above. Figure 17 shows payload and payload ratio curves for

an fe of 0.46, as opposed to the 0.29 value assumed in Figure 16. Tick-marks corre-
sponding to the same initial weights denoted in Figure 16 are shown on the payload

curve of Figure 17. Rather than increasing continuously as before, the payload curve

now has a maximum point occurring at an F/W o of 0. 108 (W o = 462,963 lb). Note also

that this maximum point does not occur at the same F/W o as the maximum payload
ratio.

The next question is why is there an optimum on the payload curve ? The answer,

while not so obvious at first glance, can be found by considering the velocity require-

ment, AVid. If one constructed curves of AVid as a function of F/W o for fe values of

0.29 and 0.46 and the other assumptions made for Isp, h o, A, B and C, the curve for

fe = 0.46 would have a greater slope and consequently a greater change in AVid for a
given change in F/W o (see Fig. 2 for an indication). In going from W o = 500,000 lb to

W o = 1,000,000 lb in Figure 16 and 17, F/W o is halved. In Figure 16, the gain in

initial weight is more than enough to overcome the resulting increase in AVid. The

opposite is true in Figure 17 where the increase in AVid is so large that the increase

in W o is not enough to overcome the additional propellant and tankage weights required.

It should be noted in Figure 17 that the X curve becomes zero within the range of F/W o

considered. This is not the case in Figure 16.
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For the lower hyperbolic excess velocities, maximum payload occurs at ex-
tremely low values of F/Wo which are impractical becauseof the long burning times
and/or large initial weights required. The lowest value of fe for which a maximum pay-
load falls within a practical range of F/Wo can be determined by the trial and error
process of assumingvalues of fe and calculating the payload curves. The magnitude
of this value of fe is of course dependentuponIsp, ho, A and B. Higher values of fe
tend to shift maximum payload toward higher values of F/Wo.

The possibility of a maximum payload for a particular mission is extremely
important in interplanetary operations if the mission must be made with an existing or
predefined engine system. For the case considered in Figure 17, for example, it would
be absurd to assemble l, 000,000 lb in orbit whenmore payload could be achieved with
an initial weight of 250,000 lb, and with far less burning time. The reduction in earth
latmch vehicle capability is evident.

If the desired mission requires more payload than the maximum attainable with

a specific engine, a higher thrust is in order and the payload ratio curves can be used

to determine the desirable thrust level. If in a particular case the engine cannot with-

stand the burning time required to achieve the maximum payload, the greatest payload

possible then obviously corresponds to the F/W o which yields the limiting burning time.

CONCLUSIONS

Based on the results of the numerical examples in the Appendix, itcan be con-

cluded that the methodology presented in this report for estimating trajectory charac-

teristics and vehicle performance is rapid, unsophisticated and practical. Perform-

ance estimations can be made for any vehicle system and mission profile, within the

range assumed for the various associated parameters. Use of the procedure and data

presented allows a quick determination of propulsion requirements for specific mission

profiles. The approach used can be extended to cover a wider range of the independent

parameters including, for example, those typicalof conventional chemical systems.

The errors shown in Table 2 are indicative of the average and maximum errors

which can be expected in a particular application of the estimation procedure. Based

on the results of examples 1 through 4, it can be conservatively concluded that the

maximum errors associated with careful estimation of the various performance param-
eters are as follows:

k, _, AVid, t b ........ < 1%

_,_ ........ <3%

h b ....... <15%

17



Theseerrors are well within the range usually required of preliminary design
Ldies. It was pointed out earlier that the burnout altitude can be determined more

3urately if desired.

From the discussion earlier, it can be concluded that, for certain hyperbolic

2ess velocities, there is an otpimum initial weight in orbit when operating with a

:ed engine system. However, this optimum does not generally yield the maximum

vload ratio. In many cases, the F/W o for optimum payload may require burning
aes of which the engine may not be capable. In such cases, the maximum payload

_ainable corresponds to the F/W o which yields the limiting burning time. In any

ent, the possibility of a maximum payload for a particular mission and engine system

extremely important in interplanetary operations.

Finally from the discussion earlier, the following general conclusions can be

_de:

1. If both F and Wo are fixed, the procedure presented can be readily applied

determine the resulting performance parameters for a given mission.

2. If W o is fixed but F (and hence the engine system) is variable, the W o for
aximum payload and maximum payload ratio is the same.

3. If F is fixed but W o is variable, the F/W o for maximum payload can be

,termined and is usually lower than the F/W o for maximum payload ratio.
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APPEND_

NUMERICAL EXAMPLES

The purpose of this Appendix is to illustrate numerically the procedures outlined

in the text of this report. Five examples are considered, with two being worked out in

detail. Only results are shown for the remaining three. The data assumed for all ex-

amples are listed in Table 1.

Example Number 1

The first step in making a performance estimation is the determination of refer-

ence values, since these constitute a basis for the estimation procedure. The necessary

reference values for Example i, corresponding to the arbitrarily assumed values for

F/W o= 0.2 and fe = 0.29, can be read from Figure 1 (a,b), 2b, 3, 5, 6 and7 as
follows:

k : 0. 3359
ref

_ref : O. 5880

(AVid)ref = 6"940 rn/sec

0 : 40.5 °
ref

: 130. 0 °
_ref

..{hb_ref = 4641 N. M.

The most important performance parameter to be estimated is payload ratio, k.

As discussed in the text, it is necessary to correct kre f for changes in A, B, C, Isp

andh o. ForA=0.20 and B =0.15 (from Table 1) equations 18 and 19 yield

AA=A- 0.10

= 0.20- 0.10

=0.10
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=0.05

From equation 20, the change in 2_re f due to non-reference values of A and B is

AKA,]5 = - [AA (F/Wo) + AB ([ref) ]

: : [0. io(o. zo) + o. 05(.5880)]

= - 0. 0494

The change in kre f due to the change in Isp can be determined by linear inter-

polation between Figure 8b and 8c. Hence, for Isp = 735 sec and fe = 0.29

A)_I = -0. 0326

The change in kref due to change in h o is found from Figure 9 and equation 22.
From Figure 9,

(Akh )100 = -0.0032
O

It follows from equation 22 that

300 - h
o

Akho - 100 (A kho) 100

300 - 150

i00
(-0. 0032)

= -0. 0048

23,

Finally, the payload ratio for the desired conditions can be found from equation

= -C
k kref + dkA, B ÷ AkI + Akh o

= 0.3359 - 0.0494 - 0.0326 - 0.0048 - 0

= 0.2.491
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The characteristic velocity requirement is determined in a similar manner.

The specific impulse correction to (AVid)ref is found from Figure 10a. For an Isp
700 sec, the figure shows that

of

A(AVid)I = -44 m/sec

Hence for an Isp of 735 sec, remembering that (Isp)ref = 800 sec,

800 - 735

A(AVId)I- 800 - 700 (-44)

= 0.65 (-44)

= -28.6 m/sec

The initial altitude correction is found from Figure 11 and equation 25. From

Figure 11,

[A(AVid)h ] 100
o

and equation 25 gives

= 55.0 m/sec

A(AVid)ho
300_ - _o

I00

300 - 150

lO0

[ A(AVid)]100

(55.0)

= 82. 5 rn/sec

Finally, from equation 26,

AVId = (AVid)re f + A(AVid) I + A(AVid)ho

= 6940.0 - 28.6 + 82.5

= 6993.9 m/sec

The propellant ratio is readily determined from equation 27 as follows,

--(AVid)I' h° 1= 1 - exp. ----
t gn Isp

6993.9= 1 - exp - 9.8Z(735)

= 0. gzo7
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The burning time follows from equation 28,

Isp(_)I, h
0

tb = F/W
O

735(0. 6207)
0.20

= 2281. 1 sec

The specific impulse correction to the reference flight path angle is determined

from Figure 12a, for Isp = 700 sec, to be,

(A0) I = 1.7 °

Thus, for I = 735 sec,
sp

(A0)I = 0.65(1.7)

=I.I °

The altitude correction to 0re f
Figure 13,

(AOho)lO 0 = -0.55 °

is found from Figure 13 and equation 31. From

Equation 31 then gives,

300 - h
0

A0h o - 100 (AOh o) 100

300 " 150 •
(-0.55)100

= _0.8 °
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The predicted value of 0 is then determined from equation 33,

O = 0ref + (A0)I + (A_))h
o

= 40.5o+ I. 1 ° 0.8 °

= 40.8 °

The central angle $_ is determined in an identical manner using Figure 14a and

15, and equation 34 with the results:

AqJI = -I. 6 °

A_h= 5.4 °
o

and hence,

= %bref + A_ I+ A_ho

= 130.0 - 1.6 + 5.4

= 133. 8 °

The final performance parameter is burnout altitude, which is estimated by use

of equation 36 which gives,

h b = (hb)re f + (ho - 300)

= 4641 + (150 - 300)

= 4491 N. M.

The values estimated for each of the performance parameters in Example i are

recorded in Table 2 where they are compared with the actual computer solution of the

same problem. The errors associated with the estimated values are less than one per

cent for all parameters except burnout altitude.
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Example Number 2

The specified conditions for Example 2 are given in Table 1. The necessary

reference values, corresponding to F/W o = 0.10 and fe = 0.35, can be read from
Figure lc, 2c, 5, 6, and 7 as follows:

k = 0. 2220
ref

_ref = 0. 7000

(AVid)re f = 9400 m/sec

ere f = Z5. 1 o

_bre f = 196.0°

(hb)re f = 14030 N.M.

24

For A = 0.08 and B = 0.07, equations 18 and 19 give,

AA=A -0.10

= 0.07 - 0. 10

= -0. 02

AB=B-0.10

= 0.07 - 0.10

= -0.03

If follows from equation 20 that,

(_ _)A, B = -[AA(F/Wo) + AB(_ref)]

= -[_-o. o2)(o, lo) + (-o. 03)(0. 7000)]

= O. 0230



Linear interpolation between Figure 8g and 8h gives the specific impulse

correction,

?_I = 0. O375

From Figure 9,

(AXh o) 100 =-0"0039

and equation 22 gives the initial altitude correction,

300 - h
O

o - lOO (A ho)lOO

300 - 375

i00
(-0. 0039)

= 0.0029

The desired value of X is then found from equation 23,

k = kre f + AXA, B + AkI + Akh d - C

= 0.22Z0 + 0.0230 + 0.0375 + 0.0029 - 0.01

= 0. 2754

The specific impulse correction to (AVid) ref is found from Figure 10b.

an Isp of 900 sec, the figure shows that

A(AVid) I = -69.0 m/see

Hence for an I of 885 sec,
sp

For

A(&Vid)i = 0. 85(-69. 0)

= -58. 7 m/sec
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The initial altitude correction is found from Figure 11 and equation 25.

Figure 1 i,

[A(AVid)ho] 100 = 92.0 m/see

and equation 25 gives,

From

A(AVid)h - 100
O

300 - h
o

[A(&Vid)] 100

= 9400.0 - 58.7 + 69.0

= 9410. 3 m/sec

The propellant ratio follows from equation 27,

= i - exp

"(AVid)I, h
o

gn I sp

[ -9410. 3 1
1

exp [ _._-_ (8"8_)]

= 0.6614

Burning time can then be calculated from equation 28,

Isp(g)I, h
o

t b = F/Wo

885(0. 6614)

0.1

= 5853.4 sec

The specific impulse correction to the reference flight path angle is determined

from Figure 12b, for Isp = 700 sec, to be

(A0) =-1.17 °
I

26



Thus, for I = 885sec,
sp

(A0)I = 0.85 (-1. 171

= -1.0 °

The altitude correction to 0re f
13,

(A0h )100=-0"05 °
O

is found from Figure 13 and equation 31. From Figure

Equation 31 then gives,

300 - h
o

A0h - I00 (A0h)i00
o o

300 - 375
= (-0.05)

100

z0.0?

The desired value of 0 is then determined from equation 33,

0 = 0 + A01 + A(_ href
o

=25.1 1.0+0

= Z4.1 °

From Figure i4b and 15, and equation 34, the specific impulse and altitude

corrections to _ref are found to be,

A_i = 2.5 °

Aqa h = -3. 8 °
o

27



Hence,

= _ref + A_I + Ad?h o

= 196.0 + Z.5 - 3.8

= .194. 7 °

Finally, from equation 36, the burnout altitude is estimated to be,

h b = (hb)re f + (h ° - 300)

= 14030 + (375 - 300)

= 14 105 N.M.

The results of Example 2 are summarized in Table 2 and compared with the

exaet values. The results of the remaining examples assumed in Table i are also in-

eluded in Table 2. Example 5 assumes an initial altitude (h o = 525 N. M. ) which is
outside the range considered. The resulting errors are comparable with those obtained

in the other examples except for the error associated with payload ratio. This would

indicate that equation 22 is not as accurate for the higher altitudes.
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Table 1. Data Assumed for Numerical Examples

] Example

Number

I (see)
sp

h (N. M. )
O

F/W
0

f
e

A

B

C

735

150

0.20

0.29

0.20

0.15

2

885

375

0.10

0.35

O. 08

0.07

0.01

980

250

0.40

0.43

0.09

0.15

0.02

4

75O

100

0.30

0.18

0.05

O. 12

0.03

940

525

0.23

0.42

0.20

0.15

0.01
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